We consider several aspects of holomorphic brane configurations. We recently showed that an important part of the defining data of such a configuration is the gluing morphism, which specifies how the constituents of a configuration are glued together, but is usually assumed to be vanishing. Here we explain the rules for computing spectra and interactions for configurations with non-vanishing gluing VEVs. We further give a detailed discussion of the D-terms for Higgs bundles, spectral covers and ALE fibrations. We highlight a stability criterion that applies to degenerate configurations of the spectral data, address an apparent discrepancy between the field theory and ALE descriptions, and propose a numerical approach for approximating the hermitian-Einstein metric of the Higgs bundle using balanced metrics.
Introduction

Gluing branes
Brane configurations play a central role in string theory. The low energy worldvolume theory of smooth weakly curved branes is usually described by a dimensionally reduced version of the 10d supersymmetric Yang-Mills theory. In order to engineer a wider class of Yang-Mills theories, we can consider configurations which are not quite smooth. The prime example is to consider intersecting branes, in order to get charged matter.
The main purpose of this paper is to revisit some very basic properties of such degenerate brane configurations. They will be mostly holomorphic, although we will also make some comments on branes that are not of this type.
Consider first a pair of intersecting D-branes. At first sight one might think that such a configuration is specified by writing down holomorphic cycles D 1 , D 2 and holomorphic line bundles L 1 , L 2 on each of them. However in [1] we showed that this data is incomplete. In addition, one has to specify how the line bundles are glued along the intersection D 1 ∩ D 2 . This gluing data is given by a birational isomorphism between the line bundles along the intersection, i.e. a meromorphic map between L 1 | D 1 ∩D 2 and L 2 | D 1 ∩D 2 . It is usually implicitly assumed that this gluing morphism vanishes, but this is non-generic.
The gluing morphism also gives a new perspective on brane recombination. When expanding around an intersecting configuration with vanishing gluing morphism, given by xy = 0 say, one finds massless modes Q andQ with opposite U(1)-charges at the intersection. A non-zero VEV for QQ leads to a smoothing of the brane intersection, of the form xy ∼ QQ . However when embedded in more complicated configurations, such a VEV is often disallowed by the F -term equations, and one is interested in deformations with Q = 0 and Q = 0. So the question arises how to interpret this geometrically. We found that at the level of F -terms, turning on Q can be represented by turning on a gluing VEV, without changing the support of the branes [1] .
These observations raise a number of new questions about intersecting brane configurations. For most of this paper, we will be interested in configurations where the gluing morphism does not vanish. We will explain how to compute the spectrum and interactions in such cases, and we will discuss aspects of the D-terms. We will see how the above observations resolve several puzzles about intersecting branes. For example, the low energy theory around a point of U(1) restoration is believed to be described by the Fayet model. But if the brane intersection were somehow smoothed out by the VEV for Q , then this could not be correct, because line bundles on smooth divisors are always stable. In addition, it would not be compatible with T -duality/Fourier-Mukai transform. Our results naturally resolve these problems.
It is frequently useful to regard intersecting configurations as a limit of smooth configurations, which are more generic. There are many other interesting types of degenerations. Apart from intersecting branes, one of the simplest possibilities is a holomorphic cycle that has some multiplicity. Such configurations are said to be non-reduced. It is usually assumed that a rank one sheaf over a non-reduced cycle rD takes the form of a rank r vector bundle over D. However it is known that there are other possibilities, namely sheaves that are non-trivial on the infinitesimal neighbourhoods of D, which also occur in string theory [2, 3, 4] . The local structure of such non-reduced schemes is identical to the above structure over brane intersections. Such configurations have recently also been studied in [5, 6] .
The degenerations we study in this paper are in some sense the simplest ones, and they do not exhaust the list of possibilities. It would be of interest to get some kind of classification of the allowed degenerations. We also emphasize that our discussion applies to holomorphic branes generally, whether they appear in the context of F -theory, the heterotic string or perturbative type IIb. In fact, much of the story also appears to work for A-branes. This looks particularly promising for M-theory phenomenology, as one may try to construct models with bulk matter and classical Yukawa couplings. Until now, Yukawa couplings in such models were induced by instanton effects, and thus rather small.
D-terms
We would also like to take the opportunity to address some questions involving the Dterms. One issue which has bothered us for some time is an apparent discrepancy between the D-term equations in the worldvolume and the space-time descriptions. In the spacetime description, Becker and Becker [7] found that for smooth Calabi-Yau four-folds the D-terms are given by a primitiveness condition, viz. J ∧ G = 0. Although the geometries of interest for engineering gauge theories are not smooth, one might have hoped that some version of this equation holds for singular Calabi-Yau four-folds, by first resolving and then taking a limit. However in the brane worldvolume description, solutions to the D-term equations correspond to Higgs bundles that are stable. These conditions are manifestly not equivalent, because primitiveness is a closed condition and stability is an open condition. (More precisely, the correct condition is poly-stability, which is locally closed and therefore still inequivalent). Furthermore, the Fayet-Iliopoulos parameters in F -theory are given by expressions of the form G ∧ J ∧ ω, which we would expect could be non-zero. But then we clearly cannot impose J ∧ G = 0. So what is then the correct version of the D-term equation on a Calabi-Yau four-fold?
As discussed in section 3.1, this situation was in fact already encountered in [8] , and it works exactly the same way here. Namely the condition J ∧ G = 0 must be corrected for singular or close-to-singular Calabi-Yau four-folds, but the non-abelian corrections cannot be properly incorporated in this picture. To study physical wave-functions and other properties of the D-terms, we must use the Higgs bundle picture, as it is the only picture in which the non-abelian degrees of freedom are properly included. We note that this yields another rationale for the strategy of splitting the study of F -theory (or M-theory, or type I') into local and global models.
Despite this, we further argue that there is still a sense in which we can include the nonabelian corrections even on the F -theory side, by replacing the primitiveness condition of [7] by a notion of slope stability for four-folds with flux. Stability makes sense at the level of algebraic geometry and should preserve the essential information of existence and uniqueness of a solution in the Higgs bundle picture. This also leads to a chamber structure on the Kähler moduli space in F -theory, exactly as expected in the context of geometric invariant theory and observed in heterotic models. (Such a chamber structure was also expected for intersecting branes in type II, but as noted above, our picture of brane recombination is needed to realize it). Such a structure would be difficult to explain with a primitiveness condition.
Another issue that we would like to address is the actual computation of physical wave functions and terms in the Kähler potential. It has been hard to get a handle on this due to the difficulty of solving the D-term equations explicitly. But it is also crucial for getting a more detailed understanding of the D-terms for degenerate cases and for issues such as dimension six proton decay. In section 3.3 we will outline a conjecture for numerically approximating the solutions of the D-term equations of Higgs bundles using balanced metrics.
Finally, in section 3.2 we discuss how to formulate the criterion for existence of solutions to the D-terms directly in terms of the spectral data. We highlight the notion of stability for sheaves which applies even to configurations where the spectral cover is degenerate. This connects the discussion of the D-terms with the rest of the paper.
The present paper is the first of two papers on degenerate brane configurations, and focusses on theoretical aspects. Part II contains applications to heterotic/F -theory duality for gauged linear sigma models and to model building. There we discuss how to engineer models with matter in the bulk of a brane and with various flavour structures, without generating exotics. In particular, we address the issue of proton decay, and describe a solution to the mu-problem which puts the Higgs fields in the bulk and does not use a U(1) gauge symmetry.
Degenerate Branes
Higgs bundles versus spectral covers
Before we discuss degenerate configurations, it will be helpful to recall some general aspects of Higgs bundles and their relation to 8d supersymmetric Yang-Mills theory [9, 10, 11] . Pieces of this story were also worked out in [12, 13] .
The worldvolume theory of a brane is the maximally supersymmetric Yang-Mills theory with gauge group G. For concreteness we consider the eight-dimensional Yang-Mills theory, though analogous statements can be made in other dimensions. The bosonic fields are given by a gauge field A on a bundle E, and a complex adjoint field Φ. The Yang-Mills Lagrangian is unique, but when the brane is curved the higher derivative corrections may become important. We will always assume that the brane is weakly curved so that we can ignore the higher order corrections, which we typically wouldn't know how to calculate anyway.
When the gauge theory is compactified on a complex surface S, and we insist on preserving N = 1 supersymmetry in 4d, then the adjoint field is twisted by the canonical bundle of S. So the bosonic fields take values in
We will often denote Φ 2,0 simply by Φ, if it is clear from the context that we are referring to the (2, 0) part of the Higgs field. These fields have to satisfy the F -term equations:
Solutions of these equations define a K S -twisted Higgs bundle. The D-terms are discussed in section 3. In the following, we will take the gauge group to be U(n).
It is convenient to reinterpret Φ as a map
Let us denote the total space of the canonical bundle by X, and the projection X → S by π. Given such data, a standard construction rewrites the holomorphic data as a spectral sheaf on X. Let λ be a local section of K −1 S , and m a local section of E. Then Φ(λ) is an endomorphism of E, so we have an action
Since Φ∧Φ = 0, it follows that E can be regarded as a module over the symmetric algebra Sym
S )) = O X , and hence defines a sheaf L on X. So as far as the F -terms are concerned, a Higgs bundle on S is tautologically the same as a coherent sheaf on X, whose support is of pure dimension dim(S), and finite over S.
More geometrically, let us interpret Φ as a map
Denote by π the projection X → S, and let us consider the bundles π * E and π * E ⊗ K S on X. We have a map
where λ is a coordinate on the fiber of the canonical bundle. As a map between sheaves this is injective, because on open subsets of X it has rank r. We define the spectral sheaf L as the cokernel of this map. In other words, the spectral sheaf is defined through an exact sequence
Let us view this construction more locally. Generically the eigenvalues are distinct, and thus we may use a complexified gauge transformation to diagonalize Φ. Then we get
For generic λ the map λI − Φ has rank r, and thus the cokernel vanishes. However on a sublocus the rank drops to r − 1, and the cokernel is one-dimensional. Thus L generically looks like a line bundle supported on the spectral cover, which is the holomorphic divisor C in X defined by the equation
More precisely, L is a rank one sheaf, where by rank we mean the coefficient of the leading term in the Hilbert polynomial. The spectral sheaf and the Higgs bundle are equivalent, at least as far as the holomorphic data is concerned. We saw above how to construct a spectral sheaf out of the Higgs bundle. Conversely, given a spectral sheaf, we can construct a Higgs bundle as E ⊗ K ≃ p C * L and Φ ≃ p C * λI, where p C is the covering map p C : C → S.
In [11, 14, 15] we further argued that such constructions are equivalent to supersymmetric ALE-fibrations, through a version of the cylinder mapping. In this form, they can be pasted into compact models in F -theory. The same strategy can also be employed in M-theory and type I'.
For SU(n) bundles, the support of the spectral sheaf is generically a smooth complex surface. This follows from Bertini's theorem, which says that the generic element of a linear system is smooth and irreducible. In this paper we will be interested in some of the simplest degenerations of such smooth configurations. Namely we will consider degenerations where the divisor becomes reducible or non-reduced. It should be emphasized that the correspondence reviewed above is tautological. It is irrelevant whether we consider a smooth spectral surface or the degenerate cases in this paper. To trust the Yang-Mills theory physically, we need Φ and its derivatives to remain small. This also depends on the hermitian metric solving the D-terms.
Since we have two equivalent ways to represent the same (holomorphic) data, there will be two equivalent ways to calculate the spectrum and the holomorphic couplings [9, 11] . On the one hand, we can use a Dolbeault operator modified by the Higgs VEV:
Let us define the two-term complex
Then to find the massless modes we are interested in the cohomology of∂ A + Φ 2,0 acting on the spinor configuration space, Ω 0,p (S, ad(E) ⊗ Λ q K S ). This is the hypercohomology of the complex E
• . In general, the unbroken symmetry generators are computed by H 0 (E • ), and the massless chiral fields are counted by H 1 (E • ). Similarly, the Yukawa couplings are computed by the Yoneda product on H 1 (E • ), and higher order holomorphic couplings by the higher Massey products on
On the other hand, we can represent the Higgs bundle configuration by spectral data and use standard algebraic machinery to compute the unbroken symmetries, the infinitesimal deformations and their interactions, which are computed by Ext groups according to the deformation theory of sheaves. (See for example [16] ). These two points of view are equivalent. After expressing the Higgs bundle data by spectral data and using a spectral sequence argument, we get
The latter perhaps obscures some geometric intuition, particularly regarding the D-terms, but is more powerful in actual calculations, because the spectral data is an 'abelianized' presentation of the non-abelian Higgs bundle. Again we emphasize that this applies quite generally, even when the spectral data is not a line bundle but merely a coherent sheaf, and independent of whether the hermitian metric solves the D-terms or not.
Much of [12] was concerned with showing that the right-hand side of (2.12) and its associated holomorphic couplings, which arose on the heterotic side after Fourier-Mukai transform, agreed with the left-hand side of (2.12) and its associated holomorphic couplings, which arose in the 8d field theory description on the F -theory side. As pointed out in [10, 11] , these are standard results about Higgs bundles.
Of course in our applications the branes are often non-compact and we need to worry about boundary conditions. The meromorphic Higgs bundles that occur in F -theory have apparently not been much discussed in the mathematical literature. In special cases, the meromorphic bundle may actually be a quasi-parabolic Higgs bundle. Below we will review what this entails, in order to illustrate the type of ideas one needs in order to put the F -theoretic Higgs bundles on a firmer mathematical footing. We will try to be relatively brief, because these notions do not appear to be general enough, and because we will not explicitly use it in the present paper.
Let D ⊂ S be an effective divisor. A quasi-parabolic bundle is a bundle E on S and a choice of filtration at D:
If we also have a Higgs field compatible with the filtration, i.e. such that
then it is a quasi-parabolic Higgs bundle. It is called tame if the Higgs field has at most simple poles, and wild if there are poles of higher order. It does not appear necessary to impose tameness in F -theory, but we assume this in the following.
The above boundary data should be viewed as complex structure moduli. There is additional boundary data one should specify, as the (1, 1) part of the curvature may have singularities along D:
In the context of [17] and certain higher dimensional generalizations, the connection was flat and α is constant along D. In this case, the α are called the weights, and a quasiparabolic bundle with a choice of weights is called a parabolic bundle. In the context of F -theory, the connection is not flat and we should not require it to be constant. The degree of the bundle
effectively gets a contribution localized along D, and so the slope depends on the boundary data. The Higgs field itself does not contribute to the degree as Tr([Φ † , Φ]) = 0. Although this extra data does not affect the holomorphic structure, it plays a role in the D-terms through the stability condition. Effectively it yields additional Kähler moduli, and the hermitian-Einstein metric will depend on these Kähler moduli. In the context of conventional parabolic Higgs bundles on curves, it is known that varying the weights can induce birational transformations on the moduli space.
One natural way to think about parabolic structures is by introducing some new charged hypermultiplet degrees of freedom on D which are not part of the 8d gauge theory. This introduces sources for the gauge and Higgs fields proportional to the hypermultiplet VEVs, and localized on D. Specifying a VEV requires a choice of coadjoint orbit of G C , and the quasi-parabolic structure is closely related to the choice of orbit.
The spectral correspondence extends to quasi-parabolic Higgs bundles. We compactify
and we compactify C toC by adding the divisor at infinity. In the mathematics literature, the spectral cover is instead often embedded in
where it does not intersect infinity. These two constructions are related by a birational transformation, so they contain the same information at the level of F -terms. The birational transformation consists of blowing up X ′ along D and blowing down the P 1 fibers of X ′ .
Denote by O X ′ (1) the line bundle which restricts to O(1) on the P 1 -fibers. Introducing homogeneous coordinates (s 0 , s 1 ) on the fiber of X ′ , we extend the map Ψ to
and define the spectral sheaf as the cokernel. It is localized onC = {det(Ψ) = 0}. A quasi-parabolic structure on the Higgs bundle yields a quasi-parabolic structure on the spectral sheaf. Namely, we get a filtration by coherent subsheaves
where
. Conversely, given a spectral sheaf L we get a Higgs bundle by pushing down as before.
For physical applications we need to understand the deformation theory of such Higgs bundles. We want to determine the endomorphisms and deformations which are normalizable with respect to the L 2 -norm defined by the hermitian-Einstein metric. See section 3 for more information on this. We should be able to give an algebraic characterization of such modes. Markman [18] (see also [9] ) and Yokogawa [19] have defined hypercohomology groups for quasi-parabolic Higgs bundles. These would seem to be natural candidates for computing the normalizable modes, but this does not seem to have been worked out. For work in this direction, in the case of cotangent twisted Higgs bundles, see Mochizuki [20] . Yokogawa also generalizes Ext-groups to parabolic Higgs sheaves. These should be isomorphic to the hypercohomology groups of the Higgs bundle under the Higgs bundle/spectral cover correspondence.
In practice, we are mostly interested in charged chiral matter. This appears to be well-localized, and so we can be somewhat cavalier about the precise cohomology groups that one needs.
It is interesting to note that mathematicians have used parabolic Higgs bundles with rational weights to describe Higgs bundles on orbifold spaces. According to [12] , F -theory duals of heterotic models with discrete Wilson lines (and no exotic matter) have orbifold singularities, at least in the stable degeneration limit. Thus it might be interesting to understand if parabolic Higgs bundles could be used to describe duals of discrete Wilson lines. A number of issues would need to be clarified.
Structure sheaf of a fat point
We would like to take the opportunity to introduce the structure sheaf of a fat point, and analyze it from several different points of view. This will be the model for the degenerate cases we consider, so we will encounter the same basic structure many times over.
It may be helpful to briefly review some of the basics of scheme theory. The discussion will be local, i.e. we consider X = C 3 . Essentially all that we will need is described in the next two paragraphs.
Roughly speaking, a scheme is an algebraic variety, except that we can have nilpotent elements in the coordinate ring, whereas for an algebraic variety there are no nilpotents. The simplest example is to take the complex line C[ǫ], and consider the equation ǫ 2 = 0. This defines a double point, or fat point of length two. Its coordinate ring contains an infinitesimal generator ǫ such that ǫ 2 = 0. If the coordinate ring has such nilpotent elements, then the scheme is said to be non-reduced. Given a non-reduced scheme R, there is an associated reduced scheme R red , and a natural restriction map
obtained by setting all the nilpotent elements to zero.
On any open set U, we may consider the collection of local holomorphic functions over U. They fit together in a global object which is called the structure sheaf O. A sheaf is a module over O. That is, over any open set U, it is a module M U over the set of local holomorphic functions
We will be interested in well-behaved sheaves, which should satisfy some extra properties. For instance, we will want M U to be finitely generated.
A nice way to see non-reduced structures arise is by considering the behaviour of a Higgs bundle at the ramification locus (again see [9] for review). Let us consider a simple spectral cover with equation λ 2 − z = 0, where as usual z is a coordinate on the base and λ is a coordinate on the fiber of K S . At z = 0 this reduces to the equation of a fat point, λ 2 = 0. Now we take the trivial line bundle O on z − λ 2 = 0, and consider the Higgs bundle E = p C * O. Away from the branch locus, this is clearly isomorphic to O ⊕ O, with a diagonal Higgs field
At z = 0 it looks like two coinciding branes, so a priori one possibility is that E is isomorphic to O ⊕ O with diagonal Higgs field even there. However this is not compatible with∂Φ = 0, and moreover it would mean that the Higgs bundle is decomposable globally, whereas the structure sheaf of z − λ 2 = 0 is irreducible.
Let us consider the structure near the ramification locus in more detail. We have
where O + consists of functions which are even under λ → −λ, and O − of odd functions. In other words we may decompose any regular function f (λ) upstairs as
Thus E is generated by m 1 = 1 and m 2 = λ. To complete the description, we must specify the action of λ, which is clearly given by
Using (2.4) we can then read off the Higgs field, which is given by
The spectral equation reproduces det(Ψ) = λ 2 − z = 0, as expected.
At z = 0, equation (2.26) reduces to
This is precisely the structure sheaf of a double point:
Although it should be clear by now, let us also check that this can be recovered as the cokernel of Ψ, as discussed in subsection 2.1. At z = 0 we have
The image of Ψ consists of pairs (a(z)λ − b(z), b(z)λ), where a(z) and b(z) are arbitrary polynomials in z. The cokernel is therefore generated by
as required. By comparison, we also consider the cokernel of
which corresponds to Φ = 0. It is generated by the same m 1 and m 2 , but instead it is subject to the relations
Clearly this is isomorphic to O p ⊕ O p . This is a perfectly legitimate sheaf on 2p, it just differs from the structure sheaf O 2p .
Let us consider one final perspective, which will be very useful when we get to heterotic models. Note that the relations (2.32) are equivalent to saying that we have an extension sequence
which does not split over C [λ] . Here the 'restriction map' r sets λ → 0, i.e. r(c 1 +λc 2 ) = c 1 , whereas j(c 2 ) = λ c 2 . On the other hand, the relations (2.34) correspond to an exact sequence
which does split.
One can easily generalize this discussion to fat points with length greater than two, given by λ n = 0. We leave this as an exercise.
Intersecting configurations
Consider an intersecting configuration of two holomorphic cycles D 1 , D 2 in a CalabiYau three-fold X, and holomorphic line bundles L 1 , L 2 on each of them. It was shown in [1] that this data is not a complete description of the configuration. In general, configurations which are reducible or non-reduced are glued together by a gluing map, which should be meromorphic in B-model-like settings. Therefore in addition, one has to specify how the line bundles are glued along the intersection Σ = D 1 ∩ D 2 . This gluing data is given by a meromorphic section
It is usually implicitly assumed that this gluing morphism vanishes. For most of this paper, we will be interested in configurations where it does not vanish.
When the gluing morphism vanishes, the massless spectrum (i.e. the infinitesimal deformations) can be computed as
This looks very much like the gluing morphism above, except there is a discrepancy involving the canonical bundle
The relation between the two was clarified in [1] . Let us start with a configuration where the gluing morphism f is non-vanishing and holomorphic. On an open set in
where p 1 and p 2 are local sections of L 1 , and w is a coordinate along the intersection. As we take the limit f → 0, we see that local sections are necessarily vanishing in the second argument. Thus the line bundles we end up with in the limit are not
. The massless modes of open strings stretching between these two branes are given by
Therefore turning on a VEV for such a massless mode corresponds precisely to turning on the gluing morphism on the brane intersection. In particular, the support of the branes is unchanged, so it does not correspond to recombining the intersecting branes into an irreducible configuration.
From (2.38) we also recognize the non-reduced scheme structure discussed in the previous subsection. Let us consider a Higgs field of the form
The cokernel of λI − Φ is generated by m 1 , m 2 such that λ · m 1 = f m 2 , λ · m 2 = 0. Thus local sections of the spectral sheaf can be expressed as
which agrees with (2.38) on the non-reduced curve λ 2 = 0.
There are many equivalent ways to reach the same conclusions. Let us discuss the point of view of the Higgs bundle a bit more. We can engineer the brane intersection as a U(2) Higgs bundle over C 2 , with Higgs field
Here we use the following notation for the SU(2) generators:
The equation for the spectral cover is
which corresponds to a reducible configuration intersecting over z = 0. In [12, 13] it was shown that there are localized zero modes
To see the effect of such a deformation on the support of the sheaves, we simply consider the spectral cover for the perturbed Higgs field Φ + ǫδΦ. Clearly the equation for the spectral cover is unchanged, so we see that the (holomorphic) support is still reducible after turning on a VEV for this mode.
We can connect this to the previous point of view by applying complex gauge transformation. Consider an infinitesimal transformation with parameter
to (2.45), we find that we can express the zero mode as
The gauge transformation (2.46) does not fall off exponentially, and thus can not necessarily be extended globally. However we can modify it to fall off exponentially outside some neighbourhood of the intersection. Deforming by this zero mode yields
This is manifestly holomorphic, and agrees with the algebraic description we had earlier in (2.40), with the off-diagonal generator corresponding to the gluing VEV. The value of the off-diagonal generator is irrelevant away from z = 0 because Φ is diagonalizable there. We could also have applied a gauge transformation with parameter
and take the limit m → 0. Then we end up with the current
which is supported at z = 0 but not holomorphic.
To summarize, when the branes intersect we have two inequivalent choices for the Higgs field. The conventional choice is a vanishing Higgs field. In terms of the spectral data, this corresponds to zero gluing VEV along the intersection, in other words the spectral sheaf looks locally like the rank two bundle O ⊕ O over the intersection. The second possibility is a rank one Higgs field, equivalent to a two-by-two Jordan block. In terms of the spectral data, this corresponds to non-vanishing gluing VEV. In this case, the spectral sheaf looks locally like the structure sheaf of a non-reduced scheme over the intersection, as the equation for the spectral cover over z = 0 is given by λ 2 = 0. The second possibility is actually simpler and more generic, for instance the simplest possible sheaf on the reducible configuration is the structure sheaf which is of the second type. We also still have to solve the D-terms. This is discussed in section 3.
It is easy to engineer both types of configurations as a degeneration of a line bundle on a smooth irreducible configuration. Let us consider a U(2) Higgs bundle with Higgs VEV Φ = 1 2
The spectral cover is given by
In the limit ǫ → 0, we end up with a reducible configuration with non-zero gluing VEV. We may also consider a U(2) Higgs bundle with Higgs VEV
This has exactly the same spectral cover, but in the limit δ → 0 we end up with a reducible configuration with zero gluing VEV. Note that in this case we effectively need an extra tuning to set the gluing VEV to zero, so this is less generic.
Note also that the existence of such a family does not contradict our picture of brane recombination. Essentially it corresponds to turning on a VEV of the form QQ , where Q andQ are massless modes with opposite U(1) charges. The deformations with non-zero gluing VEV on the other hand have either Q = 0 orQ = 0, and require a non-zero FayetIliopoulos parameter in order to satisfy the D-terms. In principle, one can consider both of these deformations. When embedded in more complicated set-ups however, turning on a VEV of the form QQ is often forbidden by other terms in the superpotential, and only the gluing VEV deformation is available.
Let us also briefly discuss A-branes. This needs more investigation, and our remarks will be more tentative.
If we are given intersecting Lagrangian branes, then once again we have to decide what to do with the line bundle at the intersection. We could glue the line bundles of the irreducible components at the intersection using a gluing morphism, and we expect that this corresponds to turning on a VEV for a chiral field localized at the intersection, because the gluing morphism is clearly localized there.
We can also discuss this in the language of real Higgs bundles introduced in [14] . The gauge and Higgs field on a real manifold Q 3 combine into a complexified connection, and the F -terms say that this connection is flat. The D-terms yield an equation for the hermitian metric, which splits the complex connection into its anti-hermitian part A and its hermitian part iφ. Generically one has [φ, φ] = 0, but we can also split the complex connection into a pair (A, φ) such that [φ, φ] = 0 almost everywhere on Q 3 . Then we can diagonalize and extract the spectral data, which can be represented as a Lagrangian submanifold of T * Q 3 with a flat unitary connection. (Here as in [14] we assumed that the structure group is reductive. When this is not the case, this picture should be slightly generalized, see below).
Let us denote by f a harmonic function on R 3 with the flat metric. In fact we will take f = 
In [14] we actually used a U(2) Higgs bundle, but this is not a material difference. The linearized version of the F -terms is d A δA = 0 where A = A + iφ. We found the following localized solution at the intersection (also satisfying the D-terms) [14] :
If we perturb by this solution, then we find [φ ǫ , φ ǫ ] = 0, where φ ǫ = φ + ǫδφ. So although the intersection is in some sense smoothed out, this does not yield a Lagrangian submanifold with flat connection, but rather a kind of fat object. (The harmonic metric, which actually determines the decomposition of A into a higgs field φ and gauge field A, is also changed, but the decomposition in (2.55) into δA and δφ should be valid to first order in ǫ).
Thus now we appear to have at least two candidate deformations corresponding to turning on a VEV for the chiral field at the intersection. The second deformation however did not yield a spectral cover. To get an analogy with what we did for B-branes, we need an 'abelianized' representative, i.e. we want to split A ǫ into a pair (A, φ) such that [φ ǫ , φ ǫ ] = 0 generically. Such a representative does correspond to a Lagrangian submanifold with flat connection, even when the harmonic representative does not. (Such a representative would not be unique, since any Lagrangian related by a normalizable hamiltonian deformation is still equivalent at the level of F -terms.)
A connection with a non-reduced structure group cannot be diagonalized. But we can decompose it in a semi-simple and a nilpotent part, and take a sequence of complexified gauge transformations such that the connection approaches the semi-simple one. The semi-simple connection describes a Lagrangian brane with unitary flat connection as usual. The original connection can then be represented by this Lagrangian brane, except we have a non-zero upper triangular part in the flat connection on the brane. This is easily done for our perturbed connection, as it is already in upper-triangular form. The semi-simple part is simply our original unperturbed solution. Thus we would like to propose that the abelianized representative for our harmonic solution is given by the original intersecting Lagrangian brane configuration, but with a modified flat connection whose semi-simple part is unitary. Equivalently this intersecting configuration has a nonzero gluing VEV, given by a section of L ∨ 1 ⊗ L 2 | p (i.e. a single complex number) where p is the point where the branes intersect and L 1 , L 2 are the flat U(1)-bundles on the two components.
Our picture is also supported by results on mirror symmetry. It is known that the category of A-branes should be extended to include configurations of Lagrangian branes with flat connections that are not quite unitary, but have monodromies with eigenvalues of unit modulus [21] .
1 This allows for the possibility of Jordan block structure and is precisely what we described above. In [21] this Jordan structure appeared along the whole Lagrangian brane, and in our case essentially only at a point, but this is not a material difference. Note also that turning on the gluing VEV would affect the morphisms in the Fukaya category (discussed in section 3.2 of [21] ) exactly as expected from turning on a VEV in the superpotential.
The above picture does not exclude the existence of smoothing deformations, and indeed Joyce has studied such examples. The question however is whether the first order infinitesimal deformations give rise to such a smoothing, and we seem to find this is not the case. This can probably also be understood by thinking about intersecting branes in a hyperkähler set-up, because then A-branes and B-branes are related by a hyperkähler rotation.
One should also take into account normalizability. Let us consider again the intersecting B-branes given by xy = 0. From the point of view of the branch parametrized by x, the smoothing mode is of the form
If the hermitian metric approaches a constant for large x in the same frame in which the smoothing mode is given as above, as seems reasonable, then the norm diverges as
and so we could not ascribe the smoothing deformation purely to the modes living at the intersection. On the other hand, the localized modes we found in the field theory description have exponential fall-off, and so are normalizable. We do not quite understand how to reconcile this. Perhaps perturbing by Q andQ simultaneously is indeed not normalizable.
There is still a sense in which the intersection is smoothed out for finite gluing VEV. Although the F -term data was completely localized at xy = 0, the solution to the D-terms has [Φ, Φ † ] = 0. The eigenvalues of Re(Φ) and Im(Φ) (with respect to the hermitianEinstein metric) can be identified with the position of the brane, at least in perturbative type II. Since [Φ, Φ † ] = 0 for finite gluing VEV, the brane intersection is fattened and not sharply localized. This is however a D-term effect, distinct from the smoothing deformation taking xy = 0 to xy = ǫ which is an F -term effect. Our picture for intersecting A-branes with non-zero gluing VEV has the same properties.
We will discuss below how to compute the spectrum when the gluing morphism is non-vanishing, but let us first discuss a further generalization.
Non-reduced configurations
A second type of reducible brane is a configuration where the divisor D has some multiplicity. Such configurations are said to be non-reduced schemes. As we will review later, the Fourier-Mukai transforms of some of the most well-known heterotic bundles are configurations of this type. Locally, these are exactly the same structures that we saw arising at the ramification locus and at brane intersections. A sheaf on a non-reduced scheme may correspond to a smooth vector bundle localized on the support. But one may also get sheaves that are non-trivial on the infinitesimal neighbourhoods of D, in the sense that the restriction map to the associated reduced scheme has a non-zero kernel. Sheaves of this type were introduced in the F -theory context in [3] and in the IIb context in [4] . They were studied in the context of mirror symmetry in [21] .
For simplicity again we first consider the case R = 2D. Locally at a generic point on D, this just reduces to the discussion of fat points in section 2. respectively. Therefore here we will discuss the new issues that arise in the general case.
Then we have to consider situations where the Higgs field vanishes or blows up over some curve in D.
Let us first consider a configuration where the Higgs field vanishes along some curve Σ in D, i.e. we have
with Σ = {f = 0}. We would like to establish the following short exact sequence [2] 0
To see this, we note that local sections of L are of the form
The map r is simply the restriction to the associated reduced scheme D, setting λ → 0, i.e. restriction to the zeroth order neighbourhood. The image of r thus consists of sections of the form f (z) p 1 (z), which defines the sheaf K(−Σ). The kernel of r consists of sections of the form λp 2 (z) that are divisible by λ. They are precisely the image of sections p 2 (z) of O D under the map j which multiplies them by λ, embedding them in the first order infinitesimal neighbourhood. This establishes the above exact sequence. By tensoring with an arbitrary line bundle L(Σ) ⊗ K −1 we can also express this as
Alternatively we can derive this sequence from the point of view of the Higgs bundle. Suppose that E is the sum of two line bundles, L 1 and L 2 . To get an irreducible object L we want to turn on the off-diagonal component of the Higgs field. This off-diagonal component
Let us take a closer look at the extension class. We have
We first interpret the first type of deformation in (2.65). Since Σ is an effective divisor, there exists a section vanishing at Σ, which we identify with f (z) above. We can interpret f (z) as the gluing morphism, the off-diagonal generator relating the zeroth and first order neighbourhoods. When it vanishes, the sequence (2.62) splits.
What about the remaining extension classes in (2.65), assuming they exist? They clearly correspond to changing the two line bundles into a non-abelian rank two gauge bundle on S, i.e. the traditional deformation corresponding to the extension sequence on S:
where V is a rank two bundle on S. It is satisfying to see the two different types of deformation, the nilpotent Higgs VEV yielding L and the non-abelian bundle deformation yielding i * V, appear naturally from the Ext 1 .
If we have a Higgs field with larger Jordan blocks, then we can iterate this construction. Consider for instance a Jordan block of the form
This yields the relations
We can first restrict this to the second order neighbourhood by setting λ 2 → 0 but λ = 0. Local sections of L are of the form
Thus we have a short exact sequence
Here the image r 2 (s) = f gp 1 (z) + λgp 2 (z) are sections defining a sheaf L 2 on the second order infinitesimal neighbourhood of D, and its kernel is just the sheaf O D under the image of j 2 which multiplies local sections with λ 2 . Then we have a second exact sequence
where r 1 sets λ → 0, and Σ = {f g = 0}. Clearly we can set this up for any type of Higgs field Φ. It is also possible to create various in-between scenarios, eg. a rank one sheaf on 3S which restricts to a rank two bundle on S.
We can easily give simple examples of the above types of configuration. Suppose that E is a sum of two line bundles, E = O(D) ⊕ O(−D) on a del Pezzo surface, with zero Higgs field. As discussed in section 3, this configuration is unstable if the slopes of the two line bundles are not equal, so the D-terms are not satisfied unless the slope of D vanishes. Now if δΦ 12 ∈ H 0 (S, O(2D) ⊗ K) is non-trivial then there are nearby configurations with a nilpotent Higgs VEV. It is not hard to choose D and the Kähler class J such that the resulting configuration is stable. We can embed such non-reduced configurations in an E 8 Higgs bundle in order to get new models. Some simple examples of E 6 -models with such non-reduced structure along the GUT brane are discussed in section 2.2 of part II.
The next topic we want to discuss is possible poles for the Higgs field. We consider a configuration of the form
The spectral equation seems to give λ 2 = 0, but something is amiss as |Φ| 2 diverges at z = 0. To get some idea about its meaning, we slightly deform the Higgs field
The spectral cover is given by λ 2 − ǫ/z = 0. This is the usual form of spectral covers considered in [11] . It clearly corresponds to two sheets of the cover shooting off to infinity at z = 0, the eigenvalues growing as λ = ± ǫ/z. The cover is ramified at infinity over z = 0. As a result, even though we have two sheets going to infinity, the intersection number with infinity is one.
If we now blindly take the limit ǫ → 0 above, we would change the behaviour at infinity (in particular the intersection number with infinity). Mathematically speaking, this is not a flat family. Instead let us rewrite the spectral cover equation as zλ 2 − ǫ = 0, which for z = 0 has the same solutions. As ǫ → 0, we do not change the behaviour at infinity, and the cover limits to zλ 2 = 0. That is, we get the non-reduced scheme λ 2 = 0 away from z = 0, and the vertical fiber over z = 0. In particular the intersection number with infinity is still equal to one. Thus we interpret this as the correct equation for the spectral cover.
In our previous work, we have avoided configurations where the spectral cover has vertical components, because it would seem that the 8d gauge theory description breaks down. This is perhaps too pessimistic. As we saw above, the spectral cover for quasi-parabolic Higgs bundles can have vertical components, and we can still study wave functions that have a bounded L 2 -norm.
On the other hand, there are also configurations with the same equation for the spectral cover, and where the gauge theory description really does break down. To see this, it helps to use heterotic/F -theory duality. Consider a hermitian Yang-Mills bundle V on an elliptically fibered Calabi-Yau three-fold π : Z → B 2 , in the limit that an instanton shrinks to zero size, and is localized on a curve D in the base. In the limit we end up with V ⊕ O D , where O D is the structure sheaf of D, which models some aspects of an NS5-brane wrapped on D. The Fourier-Mukai transform of this is a spectral cover C for V , which is generically smooth, and a vertical fiber π * D which is not glued to C. This is the small instanton transition. It is non-perturbative and corresponds to a transition to a new branch, with new degrees of freedom that cannot be seen in the E 8 gauge theory description. It is a very singular point on the moduli space of Higgs bundles. So in this case, the gauge theory description really cannot be trusted. In the dual Calabi-Yau four-fold, it corresponds to blowing up the base along D, which creates new cycles along which the Ramond-Ramond four-form has additional zero modes.
One can also study this system by introducing hypermultiplets on D an studying the associated linear sigma model on D, as in sections 6.2 and 6.3 of [22] . Here also one finds that the quantum corrections become large and a new branch develops in the limit of interest (called P 0 there). In the picture of [22] , on some slice of the configuration space these large quantum corrections can be interpreted as instantons with small action of the gauge theory on S in the presence of a surface operator on D, so the gauge theory on S actually 'knows' that it is breaking down. In order to trust the gauge theory we should stay away from this singular configuration.
To summarize, not all vertical fibers are created equal, and one has to pay attention to the precise gauge theory configuration that they correspond to. For more on this, see the section 4.4 of part II on the K3 surface.
Higgs bundles versus ALE fibrations
Our discussion has focussed almost exclusively on Higgs bundles and spectral covers. One may wonder how the gluing morphism or a nilpotent Higgs VEV appear on the Ftheory side. In this picture, the compactification data consists of a Calabi-Yau four-fold Y 4 with G-flux, and there does not seem to be room for gluing data. In fact, in order to write down an F -theory compactification we need to specify an additional piece of data, namely a point on the intermediate Jacobian:
This is usually ignored because for Calabi-Yau four-folds, the intermediate Jacobian is often trivial. For the cases of interest here however, it is in some sense not trivial, and this accounts for the missing data.
To see this more precisely, it will be useful to first reconsider the description of line bundles in the spectral cover picture, because the Calabi-Yau fourfold picture is closely related to this. Recall that holomorphic line bundles are classified by the Picard group H 1 (O * C ), and we have the long exact sequence
Thus to specify a line bundle, we need to specify the flux (the first Chern class in H 2 (C, Z), and a point on the Jacobian H 1 (O C )/H 1 (C, Z). In fact when the above sequence does not split, we need additional information, but let us ignore that here.
Let us consider a line bundle on a Riemann surface, say an elliptic curve. The Jacobian is one dimensional and can be identified with the dual of the elliptic curve. We can degenerate the elliptic curve to a nodal curve, a P 1 with two points identified. Line bundles on P 1 are completely classified by their flux, so naively it seems the Jacobian has disappeared. This is not correct because near the double point we can describe the curve by xy = 0, i.e. it looks like two intersecting curves. At x = y = 0 we have to specify the gluing morphism. Thus the Jacobian is still one-dimensional in the limit. Similarly in the limit that a smooth curve degenerates to a double curve (a 'ribbon'), the Jacobian degenerates but its dimension doesn't change.
We could also consider degenerating a degree two rational curve to two intersecting degree one curves. Again we have an intersection which looks like xy = 0, and we have to specify a gluing morphism. However we expect the Jacobian to be zero dimensional in this case, since it is zero dimensional for the smooth curve. The reason this works out is that the curve has become reducible and we get extra automorphisms, so that any non-zero value of the gluing VEV can be related to any other and hence any non-zero value of the gluing VEV yields an isomorphic line bundle as far as complex structure is concerned. After modding out by these automorphisms, and assuming we fixed the flux, the moduli space appears to consist of three points, where the gluing VEV is zero, finite or infinity. This is not quite right because zero and infinity are in the closure of finite gluing VEV. Rather, the moduli space consists of CP 1 modulo a C * -action. It is not a smooth space, but a kind of zero dimensional scheme, with an open subset corresponding to finite gluing VEV, and the points with zero and infinite VEV embedded as negative dimensional closed subschemes.
These phenomena have a simple physical description in terms of the Higgs mechanism, as explained in more detail in section 3.2. For finite gluing VEV the would-be h 1 (O C ) which corresponds to changing the gluing VEV is eaten by a would-be generator of h 0 (O C ). However physically we also have to split the deformation in a real part and an imaginary part. The imaginary part becomes the longitudinal generator of a gauge boson and the real part is lifted by a D-term potential. The D-term potential contains a scale, set by the Fayet-Iliopoulos parameter, which is a function of the Kähler moduli but not of the complex structure moduli. Thus in contrast to the previous example, different non-zero values of the gluing VEV yield isomorphic line bundles as far as the complex structure is concerned, but they are not the same physically, and this should be understood as a Kähler modulus.
The case of spectral surfaces is slightly different in that there is a branch structure and the dimension of the moduli space can be different on different branches. It is usually comparible with the second situation, although we will see examples with continuous moduli as well. Generic surfaces have h 1 (O C ) = 0 and line bundles on them don't have moduli. However when we degenerate them, the situation locally looks like that for curves. The gluing VEV is part of the continuous data specifying the spectral line bundle, so in a moral sense it should be understood as defining a point on the 'Jacobian' of the singular spectral cover C. But the would-be generators of h 1 (O C ) corresponding to changing the gluing VEV are usually eaten by a would-be generator of h 0 (O C ), or lifted by pairing with a would-be generator of h 2 (O C ). In certain limits they may appear in pairs. Thus in the reducible case the moduli space of the spectral sheaf is often zero dimensional, and is not a smooth space. But on certain branches, the gluing data may yield a positive dimensional 'Jacobian', like in the example of the elliptic curve.
These statements have natural analogues in F -theory. The configuration of the threeform field C 3 corresponds to a Deligne cohomology class. It is (roughly) specified by a G-flux, where G = dC 3 , and a point on the intermediate Jacobian J . In fact recall that the relation between the spectral cover and the ALE-fibration is given by a version of the cylinder mapping [23, 11] . The spectral cover determines the ALE fibration, and the spectral sheaf determines a configuration for C 3 . The cylinder map yields an isomorphism between the Jacobian of C and the intermediate Jacobian of Y 4 . Again, this is a little loose because the moduli space may not even be smooth, and looks nothing like an abelian variety, so we should probably not call it a Jacobian. But at any rate we see that the gluing data is not related to the complex structure of the Calabi-Yau four-fold. Rather, it is part of the data needed to specify a configuration for the three-form field C 3 . This leads to some interesting new issues in the study of four-folds with flux. Using this dictionary, we can now resolve several issues that previously looked very puzzling from the F -theory/7-brane perspective, and fit it in the standard set-up of geometric invariant theory. As noted above, in section 3 we will see that the VEVs of the gluing data are set by Fayet-Iliopoulos terms, which are given by expressions of the form G ∧J ∧ω on the fourfold. Hence we will argue that the traditional primitiveness condition J ∧ G = 0 should be replaced by a kind of stability condition, and that one gets a chamber structure in the Kähler moduli space with walls of marginal stability where the gluing VEV vanishes.
Spectra of degenerate Higgs bundles
Now we would like to understand how to compute the spectra. As mentioned previously, these correspond to the infinitesimal deformations and are computed by the hypercohomology groups H p (E • ) of the Higgs bundle. On the other hand, the most concrete way of constructing Higgs bundles is through the spectral data, so it would be most convenient to compute directly with this data. The hypercohomology groups can be directly computed in terms of the spectral data:
Similarly we can compute the holomorphic couplings using Yoneda pairings. The D-terms are discussed in section 3.
The basic strategy for the computation of any Ext group is to perform some kind of 'resolution,' i.e. relate L to some simpler sheaves, and then consider an associated long exact sequence. We can intuitively understand this as expressing a brane as a bound state, obtained by gluing simpler constituents together. Let us see how this works for degenerate cases.
The sheaf L decomposes into several pieces, and we are actually usually interested in computing Ext-groups of the form
where X is our Calabi-Yau three-fold. To do this, let us suppose we can express L as an extension:
X (E, L) * , we use the associated long exact sequence:
In normal situations, the Ext 0 's and Ext 3 's all vanish, which we have assumed above to simplify the long exact sequence. This is not a limitation. If it is not satisfied, the story is much the same as below, except some additional generators may get lifted through the Higgs mechanism (which lifts Ext 0 and Ext 1 generators in pairs). But let us assume this is not needed here. Then we find that Ext 1 (E, L) is generated by Ext 1 (E, A ⊕ B), except that some generators of Ext 1 (E, A) may get killed by the coboundary map.
The mathematics of the long exact sequence can be expressed in terms of the effective Lagrangian of the brane system. In the brane bound state picture, we have deformations involving the constituent branes A and B, i.e. we have chiral fields
Now all the X p , Y p may in principle descend to generators in Ext p (E, L). However, some Y 1 , X 2 pairs may be lifted by interactions. In fact the coboundary map is simply the Yoneda pairing Ext
In other words, there are Yukawa couplings for the chiral fields
where F glue ∈ Ext 1 (A, B) is the extension class. So when the gluing morphism F glue gets a VEV and we form the bound state L, we see that the X 1 and Y 2 fields may pair up and get a mass through their Yukawa couplings to F glue . This is how the lifting through the coboundary map translates to the effective Lagrangian. The surviving chiral fields correspond to the deformations in Ext 1 (E, L) that we are after.
Note also that this is consistent with the charges under the extra U(1) symmetry that appears as the gluing map is turned off. Up to an overall normalization, these charges are given by
In particular, the above Yukawa coupling is the only one allowed by the symmetries. If E = L, then we can also resolve E using a short exact sequence, and get a second long exact sequence involving the first argument of Ext. Although the algebra gets more involved, it is in principle straightforward.
Let us apply this to the degenerate configurations in this paper. Consider first an intersecting configuration L, with a non-zero gluing VEV. The support of L consists of two divisors D 1 and D 2 , but the configuration should really be thought of as a single brane, as only the center-of-mass U(1) gauge symmetry is unbroken. Let us denote by i 1 the inclusion D 1 ֒→ X, and similarly for D 2 . Since the support is reducible, we have natural restriction maps to each component. Now suppose that the restriction i * 1 L = L 1 is actually a line bundle. Then we can express L as an extension on X:
The second map is restriction to D 1 and then pushing forward to X. This is of the form (2.78), so we can apply the discussion above. The extension class is given by a holomorphic map in Hom Σ (L 1 , L 2 ). Similarly if the restriction to D 2 yields a line bundle, then we get an analogous extension sequence with 1 and 2 reversed. Now in general the restriction to D 1 does not yield a line bundle, but a sheaf with torsion. We only know that there is a birational isomorphism between L 1 | Σ and L 2 | Σ . Instead of working with a meromorphic map, an equivalent way to say this is there is another line bundle L Σ on Σ, and a pair of holomorphic maps in Hom
In other words, L is a Hecke transform of i 1 * L 1 ⊕ i 2 * L 2 along Σ. In this case we need the full long exact sequence for Ext, not just the truncated version (2.79), but the advantage is that it applies generally.
Similarly we may consider the case that L consist of a line bundle over a non-reduced surface. For the simplest case where the Higgs field is a Jordan block of rank two, we found the extension sequence
When there are Jordan blocks of higher rank, as discussed we can iterate this. This is again of the form (2.78), so we temporarily replace L by A ⊕ B, where A = i * L and
, and then lift pairs of deformations by turning on the extension class in the long exact sequence.
In cases where we are already given some explicit representative of the non-abelian holomorphic bundle E and the Higgs field Φ, we can use the short exact sequence (2.7) to find L and then compute Ext groups. Probably it is then simplest to use computer algebra.
Chiral matter and the index
In the previous subsection we explained the tools to compute the matter content of the theory. The calculations are in principle straightforward, and can even be carried out by computer algebra systems like Macaulay2. However in order to get a quick overview of a model, it is often sufficient to know only the net amount of chiral matter. This can be computed much more efficiently using the index theorem:
For the cases of interest, it is often true that Ext 0 and Ext 3 vanish (no ghosts), and so χ reduces to the net amount of chiral matter. These formulae make sense for the reducible and non-reduced cases we are interested in. It applies when F and G are merely coherent sheaves (or even complexes thereof), and X is projective (see eg. [24, 25] ).
In the IIb context this formula can be understood from anomaly inflow. In the Ftheory context, the 'charge vector' ch(F )A(T X) 1/2 ∈ H even (X) is not defined on the IIb space-time, but on the auxiliary Calabi-Yau three-fold X. In this context we actually only need part of the charge vector; it can be related to the couplings of the NS two-form under F -theory/heterotic duality, and is therefore again closely tied to anomalies.
To find the Chern classes of more complicated sheaves, we can use one of the fundamental properties of the Chern character. If we have a short exact sequence
The index formula also involves the dual, F ∨ . In good situations, the dual is again a sheaf, for instance for a line bundle on a smooth divisor in X we have (i * L)
. More generally, it is not possible to require that the dual is another sheaf while preserving all the expected properties, and the dual is instead given by a complex, [24] . Fortunately for our purposes we only need the following property:
Let us apply this to the cases considered in this paper. For a bundle L supported on a smooth divisor D we have 
Using the above, it is very simple to reproduce the standard formula for the net amount of matter localized on brane intersections or in the bulk of a 7-brane, assuming no gluing morphisms are turned on. But we can equally well do the degenerate configurations. For the reducible case, we used the short exact sequence
Similarly, in the non-reduced case we had the sequence
and from this we find
As a simple example, let us consider the reducible brane L 1 , and intersect it with another brane i 3 * L 3 . We find
This is the conventional formula when we turn off the gluing VEV. Indeed the index should not change under such a continuous deformation. It should be remembered however that when the gluing morphism has both poles and zeroes, then it cannot be turned off holomorphically, and we have to use (2.85) instead.
Similarly, let us consider the intersection of the non-reduced brane L 2 with i 3 * L 3 . Then we have
as we would when the gluing data is turned off.
Boundary CFT description
We have described non-reduced schemes as configurations in supersymmetric YangMills theory. In the type II context, one naturally asks if there is also a boundary CFT description. The first thing to try is a free-field description. Normally we would have
and then we tensor with Chan-Paton indices. For non-reduced configurations we want instead
and further we want ∂ 1 X(σ)| 0 = 0, for otherwise we reduce to the previous case. This is a non-linear condition on the mode expansion. In some sense this indicates we are dealing with true non-abelian configurations. Therefore it does not seem likely that we can find a free-field description.
There are however other methods for constructing boundary CFTs. One such description is the boundary linear sigma model [26, 27, 28] . It can be developed largely in parallel with (0, 2) linear sigma models, which we briefly review in section 4.3 of part II.
We will keep things extremely simple and only explain the main idea. Apart from the (2, 2) chiral fields X i and vector multiplet in the bulk, we consider boundary chiral fields P and boundary Fermi fields Λ a , Γ. We have a boundary superpotential
The Λ a lead to Chan-Paton factors, and Γ is designed to pair up with bulk fermions normal to S(x i ) = 0. In the large volume regime, the massless modes of Λ a live in a bundleṼ on X defined by a short exact sequence
The effect of the first term of the boundary superpotential is then to restrict the open string ends to S(x) = 0, so that we end up with V =Ṽ | S=0 . This basic construction can be extended in several directions.
This allows us to construct CFT descriptions of non-reduced configurations. For instance the structure sheaf O 2D of a non-reduced scheme 2D fits into the exact sequence
Taking the dual, this naturally fits in the boundary LSM description above. Similarly, one can construct the structure sheaf O D of a reducible divisor, by taking a section of O X (D) which is factorizable. This configuration has a non-zero gluing VEV along the intersection of the irreducible pieces.
The D-terms
The hermitian-Einstein metric and stability
In previous sections, we studied the F -terms of the 8d gauge theory. F -flatness is preserved under complexified gauge transformations. Modulo such complexified gauge transformations, the only invariant data in the F -terms is the spectral data. We used this extensively for writing down solutions for the F -term equations, by writing down the spectral sheaf.
The D-terms for the 8d gauge theory compactified on a Kähler surface S are given by the following 'hermitian-Einstein' equation:
with ζ ≃ deg(E)/(r vol(S)). Here we think of the commutator as a (0, 0)-form by contracting with the volume form of S. Unlike the F -terms, the D-terms are not invariant under the complexified gauge transformations. They require us to choose a hermitian metric, or equivalently a reduction of the complexified structure group to a compact subgroup.
It may be useful to briefly recall some aspects of connections on holomorphic vector bundles [29] . A frame for E over an open subset U is a collection of sections H = {e 1 , .., e r } forming a basis for each fiber over U. With a suitable choice of coordinates on the fiber, we can write the hermitian metric in matrix notation as
where H is a map from S to Gl(n, C)/U(n). The frame is said to be unitary if h ab = δ ab . The frame is said to be holomorphic if the e a are holomorphic maps from U to E.
If the structure group is to be U(n) rather than Gl(n, C), then the gauge covariant derivative must respect the hermitian metric. In the unitary frame, this implies that A + = −A, where the superscript denotes transpose and complex conjugation. In a more general frame however, this implies that A † = −h −1 Ah, i.e. the adjoint depends on the hermitian metric. Similarly the adjoint Φ † corresponds to h
We can further fix the connection by requiring the connection to be compatible with the complex structure, i.e. the (0, 1) part of the covariant derivative is given by∂ (so A 0,1 = 0 in a holomorphic frame). In such a frame, the zero modes and superpotential are independent of the Kähler moduli, and computations reduce to questions in complex geometry and algebraic geometry. With this additional condition, we find that
in the holomorphic frame. We can switch back to a unitary frame by performing a complex gauge transformation by H. In this unitary frame the connections are given by
Thus assuming we have fixed the F -term data, we see that the D-terms may be viewed as the following equation for the hermitian metric h on E:
The solution is usually called the hermitian-Einstein metric. To distinguish it from the hermitian metric which arises as a special case when Φ = 0, we might also call it the hermitian Yang-Mills-Higgs metric, but this terminology is perhaps too lengthy.
The solution to the abelian part of this equation can be found by making a conformal change in the metric, h → he f and solving for f . The non-abelian equations are much harder to solve. We could solve the F -terms by writing down suitable spectral data. However this approach does not work for the D-terms, even in the generic case where the eigenvalues are mutually distinct over an open subset, and thus we can diagonalize by a complex gauge transformation. The problem is that if Φ commutes with its adjoint in one frame, then it will generally not commute with its adjoint in another frame that is related by a complexified gauge transformation. But the frame depends on the choice of hermitian metric, which must be solved for.
Fortunately, the existence of a solution to the non-abelian part of the D-terms can still be phrased in algebro-geometric terms, through a version of the Kobayashi-Hitchin correspondence. Let us make some definitions. A subbundle F ⊂ E is said to be a Higgs subbundle if Φ(F ) ⊂ F ⊗ K. A Higgs bundle is said to be J-stable if
for every Higgs subbundle, where the slope is defined as usual, µ = J-degree/rank. A Higgs bundle is semi-stable if µ(F ) ≤ µ(E) for every Higgs subbundle. Finally, a Higgs bundle is poly-stable if it is a direct sum of stable Higgs bundles with the same slope. The Kobayashi-Hitchin correspondence states that the algebro-geometric criterion of polystability is equivalent to the differential geometric criterion of the existence and uniqueness of the hermitian-Einstein metric. (For abelian bundles, this requires adding the explicit Fayet-Iliopoulos term ζ to the equation).
The condition of stability as a Higgs bundle is clearly stronger than the condition of stability as a bundle. A Higgs bundle is stable if the underlying bundle is. But a bundle which is blatantly unstable can still be stable as a Higgs bundle. As a well-known example, consider a Riemann surface Σ g with g ≥ 2 and choose a square root K 1/2 of the canonical bundle. Then take
Then E is unstable as a bundle, but stable as a Higgs bundle. The slope of E vanishes, and the slope of the Higgs sub-bundle K 1/2 is negative. The sub-bundle K −1/2 , which destabilizes E, is not preserved by the Higgs field.
Higgs bundles with generic spectral covers are stable. If the spectral cover is smooth and irreducible, then the Higgs bundle does not have any Higgs sub-bundles. In the next subsection we would like to discuss stability when the spectral cover is not smooth and irreducible.
Now we would like to compare this with the ALE fibration picture. The cylinder mapping is a construction in algebraic geometry, so the F -term data in the Higgs bundle description, the spectral cover description and in the ALE fibration can be mapped exactly. On the other hand, the hermitian-Einstein metric h will not be diagonal and the gauge field A ∼ h −1 ∂h will be non-abelian. This means that the W -bosons will be condensed. On the other hand, in the 'closed string' ALE fibration picture the W -bosons are extended solitons and do not have an off-shell description. This means that a true ten/twelve dimensional solution does not exist on the type II side, except perhaps in some fuzzy sense, as the light W -bosons are not properly incorporated in the effective action when the elliptic Calabi-Yau four-fold develops singularities and cannot be condensed in this description. This is a general phenomenon in heterotic/type II duality. The very same phenomenon, in six dimensions instead of in eight dimensions, was previously encountered very explicitly in [8] . There we studied gravitationally dressed versions of 't Hooft-Polyakov monopole solutions in type IIa on K3. Such monopoles satisfy Bogomol'nyi equations, a close cousin of Hitchin's equations. As described in [8] , the abelian part of this solution (a Dirac monopole) is singular but can be lifted to ten dimensions, where one encounters a K3 with A 1 singularity. The non-abelian part of the solution smoothed out the singularities of the abelian solution through exponentially small corrections. But these corrections came from condensation of extended solitons in 10d. Such degrees of freedom cannot be described by a local Lagrangian in 10d, and thus the full non-abelian solution could not be lifted. We encounter the same problem here. One can try to integrate out the W -bosons and write an abelian solution, which is singular at the branch locus of the spectral cover. To smooth out the singularities however, we need to include non-perturbative gauge fields, as in [8] .
As we noted in the introduction, this means that global models will have difficulty capturing some non-abelian aspects of the local model. In particular, in order to write down physical wave functions and compute the Kähler potential, we need the hermitianEinstein metric, which is not an object in algebraic geometry and exists only in the Higgs bundle picture.
The question then arises if there isn't another way to deal with the D-terms if we were working in the ALE fibration picture. Here we can go back to the KobayashiHitchin correspondence for Higgs bundles. The criterion of existence and uniqueness of the hermitian-Einstein metric can be phrased in terms of slope-stability. This is an algebro-geometric concept which we can compare in the Higgs bundle, spectral cover, and Calabi-Yau four-fold pictures. As we discuss in more detail in the next section, slopestability can be defined in terms of Fayet-Iliopoulos parameters. According to [30, 1] , the Fayet-Iliopoulos parameters in F -theory are given by ζ X ≃ m 4 10 G∧J ∧ω X . The difficult part is to define the notion of a sub and a quotient. This requires us to generalize the notion of Ext 0 for sheaves to ALE fibrations. This has not yet been worked out, but it is clear that it exists at least in the context of ALE or del Pezzo fibrations, because the map between spectral covers and ALE fibrations is an algebraic one. Therefore it appears inevitable that the primitiveness condition J ∧ G = 0 must be replaced by slope-stability for Calabi-Yau four-folds with G-flux. This is an important qualitative change, because primitiveness is a closed condition whereas stability is an open condition. Although in general we cannot write the physical wave functions in the Calabi-Yau four-fold or spectral cover pictures, if phrased in such terms, the essential information of existence and uniqueness of the hermitian-Einstein metric will be preserved.
We emphasize again that this situation is not unique to F -theory. For example in the context of M-theory on G 2 -manifolds, the G 2 -metric is also not the correct metric for physics purposes near the three-cycle where the gauge theory is localized. The correct metric is the harmonic metric [14] , which includes non-abelian corrections but again only exists in the Higgs bundle picture. Thus even when new techniques for constructing compact G 2 -holonomy manifolds become available, we still have to go back to the local model in order to study the D-terms, if we want to know more than the existence of a solution.
Stability for degenerate cases
In the previous subsection we rephrased the existence and uniqueness of the hermitianEinstein metric in terms of slope-stability of the Higgs bundle. Because Higgs bundles are usually constructed by writing down spectral data, it would be more convenient to have a stability criterion for the spectral sheaf. However we have seen that the spectral data for a smooth Higgs bundle can easily have singular behaviour, for example the spectral cover can be reducible or non-reduced. Thus we need a criterion that behaves well under degenerations, and remains equivalent to existence and uniqueness of the hermitianEinstein metric in the Higgs bundle picture even in such degenerate cases.
The theory of stable sheaves is generally credited to Gieseker, Maruyama, and Simpson [31] , and is based on the Hilbert polynomial. The Hilbert polynomial is defined purely algebraically and is constant in flat families, even if some members of the family are degenerate. Physically speaking this implies for instance that the net number of generations cannot jump.
Thus instead of a Kähler class J, we consider an ample line bundle O(1) whose first Chern class is proportional to J. Then we consider the associated Hilbert polynomial
where of course χ(F ) = (−1) i Ext i (O X , F ). We define the coefficients
Using Riemann-Roch, they can be expressed in terms of Chern classes. The degree of P Hilb (L, m) is the dimension of the support of L, and the coefficient p i of the leading term is called the rank. In our case, we will be interested in sheaves that are supported in dimension two on a three-fold, so p 3 = 0 and d = 3. Then, the slope is defined as
and slope-stability is defined in the usual way. Note that this makes sense for arbitrary coherent sheaves on a projective variety, in particular reducible or non-reduced cases.
(There is also the notion of Gieseker stability, which uses the normalized Hilbert polynomial p(L, m) = P (L, m)/rank instead of the slope, but we do not know how to justify this in the context of F -theory).
To apply this to our case, we letX be the projective closure of X. We may pick an ample O(1)X which restricts to O(1) on X. Then, provided the spectral cover does not intersect infinity, slope-stability for the spectral sheaf is the same as slope-stability for the Higgs bundle. To see this, Kähler classes onX are of the form
where J B is a class on the base, J 0 is the Poincaré dual of the zero section, and t is a real number. Restricting to X, the class J 0 trivializes, and we are left with π * J B . Then stability of L with respect to π * J B is the same as stability of E = p C * L with respect to J B (or any multiple of it), because
is not a Kähler class onX. To fix this, we consider a small perturbation by ǫJ 0 . Since stability is an open condition, a sufficiently small perturbation preserves stability. Then by rescaling J B + ǫJ 0 and relabelling J B , we see that stability of L agrees with stability for the Higgs bundle. Slope-stability is also usually preserved under the Fourier-Mukai transform, for instance in the context of heterotic spectral covers [32] .
We can also adapt these statements when there is a parabolic structure. One may define a slope for parabolic sheaves, and use this to define stability for the spectral sheaf.
Thus stability for sheaves gives a practical way to see if the D-terms are satisfied. In particular this gives a simple way to derive a statement in the previous subsection: generic Higgs bundles, for which the spectral sheaf is actually an honest line bundle, are stable. This follows simply because any line bundle is stable.
From Riemann-Roch we get
, and so the expression for the slope reduces to the usual one.
The Chern characters for several configurations of interest were discussed in section 2.7, and can easily be used to write down the slope. For instance for the reducible case, where L is given by an extension
the Chern character of L is given in equation (2.94), and therefore the slope is given by
In this case, i * L 2 (−Σ) is clearly a potential destabilizing subsheaf, whereas i * L 1 is not a subsheaf.
In the effective theory, the slopes are closely related to field dependent Fayet-Iliopoulos terms. Let us denote by ξ an infinitesimal U(1) generator, and ρ ξ the corresponding endomorphism in
For each such ρ ξ we get a shift symmetry on the Kähler moduli space
where ω (2) (ρ ξ L) is obtained by descent:
In IIb this follows from the Chern-Simons coupling of L to C
RR . Although the expression was derived for smooth configurations, in this form it appears to apply equally well to general coherent sheaves, like the reducible or non-reduced configurations considered in this paper, or even a complex of such. In the general case, we proceed as in section 2.7: first we resolve L, then we apply descent to the individual pieces, and then we add them back together with appropriate signs. In the heterotic setting, we get essentially the same story by considering the transformation law for B (2) N S andB (6) N S , and in IIa we would consider the transformation law for C (3) RR . Now let us further assume that the metric on the Kähler moduli space is derived from the Kähler potential that one usually finds in large volume string compactifications:
Then the Fayet-Iliopoulos parameter (or moment map for the Killing vector field of the shift symmetry) is precisely given by the slope µ(ρ ξ L), up to an over-all factor which is moduli dependent but independent of the details of the brane. (For this claim to work, the normalization of ρ ξ is taken so that the map ξ → µ(ρ ξ L) is linear -this ought to be the correct normalization).
We would like to reexamine the mathematical notion of slope stability in light of this relation between the slope and the Fayet-Iliopoulos parameter in the effective Lagrangian. It helps to generalize slightly and consider an abstract brane E, which can be a bundle, a coherent sheaf, a Lagrangian submanifold or a boundary state depending on the context. In this article we have argued it must be even further extended to ALE fibrations. Then we have the following well-known and universal phenomenon in string compactification.
We adjust the Kähler moduli until E becomes marginally stable to decay into two subobjects, E ′ and E ′′ . Then one finds that at the locus of marginal stability, the effective theory is described by a version of the Fayet model [33, 34, 35, 36] . That is, first of all we get an extra U(1) gauge symmetry U(1) X , equivalently an extra generator
This is practically the definition of marginal stability. At the wall of marginal stability, E becomes semi-stable, and the solution of the D-terms yields the unique reducible object with the same graded sum, 
When X gets a VEV, we see that X ∼ X + Λ X , so X becomes exact and Λ X = Λ ′ − Λ ′′ is no longer closed, and both are removed from the massless spectrum. Using the Hermitian metric to separate complexified gauge transformations in actual gauge transformations and D-terms, this is equivalent to saying that the U(1) is Higgsed, and we have a D-term potential of the form
which is a version of the Fayet model. Now let us connect this with the notion of slope stability. We regard F as a non-trivial extension of E ′ ⊕ E ′′ . Then the relevant U(1) symmetry is ρ ξ = Λ ′ − Λ ′′ , so we have
From the D-term potential of the Fayet model, when ζ X > 0 we find that X gets a VEV and we form a bound state. When ζ X = 0 there is a supersymmetric vacuum with X = 0 and massless U(1) X . And when ζ X < 0, supersymmetry is broken by D-terms. Now it is not hard to prove that if F is given by an extension
Assuming there are no other light fields in the D-term potential, it follows that F is stable for ζ X > 0, E ⊕ E ′′ is poly-stable for ζ X = 0, and the system is unstable for ζ X < 0. This agrees precisely with our discussion of slope stability.
Numerical approach with balanced metrics
As usual in supersymmetric string compactification, the zero modes and superpotential can be determined up to field redefinitions by methods of algebraic geometry. As we discussed in detail, even the existence of a solution of the D-term equations can be characterized in algebro-geometric terms. However, for certain questions existence does not suffice, and we need to have an explicit knowledge of the physical wave-functions. This is necessary to understand detailed flavour structure originating in the Kähler potential, or more accurate predictions for dimension six proton decay [30] . For this, we need to map wave-functions derived in the holomorphic frame back to a unitary frame, i.e. we need to find H. Actually all physical quantities depend only on H up to ordinary SU(n) gauge transformations, and they can be expressed using the hermitian-Einstein metric h. So we need to explicitly solve for h.
Thus the question arises how we get a handle on this. As we saw above, the hermitianEinstein metric satisfies a non-linear elliptic PDE which is virtually impossible to solve explicitly.
In the analogous problem of finding solutions to the hermitian Yang-Mills equations on a complex vector bundle, the situation has improved in recent years by the development of numerical approximation schemes for the Hermitian Yang-Mills metric [37, 38, 39, 40] . This is based on many standard ideas in geometric invariant theory. We will briefly review some of the ingredients below and then conjecture a natural analogue for approximating the hermitian-Einstein metric on Higgs bundles over Kähler manifolds. The latter can then be applied to brane configurations in type II settings, as long as the field theory approximation applies. This includes type IIb and F -theory compactifications, in the limit that the angles between intersecting branes are small. A modified version should also apply to type IIa and M-theory compactifications, where one needs to approximate the harmonic metric [14] , and type I' compactifications [15] . The hermitian Yang-Mills metric on a bundle V of rank r may be approximated by a sequence of balanced metrics. The idea is as follows. We consider an ample line bundle L, in fact we will take L to be the ample line bundle for which c 1 (L) is the Kähler form J. For large enough m, H 0 (V ⊗ L m ) is generated by sections s u , u = 1, . . . , N, and the higher cohomologies vanish. These sections then define an embedding map i : Z → Gr(r, N) (3.25)
We have the tautological rank r bundle U r over Gr(r, N), whose fiber over an r-plane in C N is given by the r-plane itself, and we have V ⊗ L m = i * U ∨ r . Now let us pick an N × N matrix M uv , defining a Fubini-Study metric for U r . For each such matrix, we get a hermitian metric h M on V ⊗ L m by pulling back:
By subtracting the trace, this yields a Hermitian metric on V . The space of inequivalent metrics we get this way, or alternatively the space of inequivalent embeddings into Gr(r, N), is parametrized by Sl(N, C)/SU(N). In particular, these metrics are algebraic, can be written down explicitly as above once we have a basis of holomorphic sections, and depend only on a finite number of parameters in the matrix M, whereas a general hermitian metric on E depends on infinitely many parameters and is not algebraic. Thus the idea is to find the best approximation to the hermitian Yang-Mills metric within this finite dimensional space of algebraic metrics, and then increase m to make the error as small as one wishes.
Thus our task is to produce the best metric of the form h M . For this we proceed as follows. Given an arbitrary hermitian metric h on V ⊗ L m (not necessarily of the form h M ), we have the natural L 2 inner product on the space of sections, which restricts to an inner product M on the space of global sections H 0 (Z, V ) given as 3.27) where dvol = J d /d! is the volume form defined by the Kähler metric g on Z. Now let us take {s i } to be a basis of H 0 (Z, V ) which is ortho-normal with respect to M h . Assuming V ⊗ L m is generated by global sections, we can define the Bergman kernel as This follows because as we said before, the line bundle L is positive and so the higher cohomologies of V ⊗ L m all vanish for large enough m. Furthermore, the kernel has the following asymptotic expansion:
where R g is the scalar curvature for the metric g, R g ∼ − √ −1g ij ∂ i ∂j log det(g)/2π. Of course for a Calabi-Yau metric (which can be found by similar methods), we would have R g and c 1 (Z) vanishing. Keeping the trace part around would not problematic, because hermitian metrics on line bundles are relatively simple and we can easily correct for them, but let us assume they vanish for simplicity. Therefore, we see that if we can find a metric h for which B h is constant, or more precisely B h = χ(V, m)1 r×r /(r · vol(Z)), then we have
In other words, the error with this choice of metric h scales as 1/m, and for large m we approximate the Hermitian Yang-Mills metric arbitrarily well. A metric for which the Bergman kernel is constant is said to be balanced, at least this is one of several equivalent definitions.
So, we need a metric h M which is balanced. To find this metric, we can use an iteration procedure. We had the assignment Concretely, we have the formula
This produces a sequence M i+1 = T (M i ), equivalently a sequence in Sl(N, C)/SU(N). The fixed point M ∞ = T (M ∞ ) yields the balanced metric, and if the balanced metric exists (which happens if V is stable), then the sequence converges to it. In practice a few iterations yield a good approximation.
Incidentally, there is a sense in which balanced metrics may be regarded as quantized versions of hermitian-Einstein metrics, with = 1/m [42, 43] . It is currently not completely clear to us what the significance of this is in the context of phenomenological string compactifications (see [44, 45] for a possible interpretation in a slightly different setting), but it would surely be interesting if balanced metrics have some physical significance beyond serving as approximations of hermitian-Einstein metrics. Also, the existence of balanced metrics is equivalent to Gieseker stability, which uses the full Hilbert polynomial and is weaker than the slope-stability we have used. This suggests that a small modification of the balanced metric yields a solution to the deformed hermitian Yang-Mills equations studied by Leung [46] . This is also closely related to the α ′ corrected version of the (abelian) hermitian Yang-Mills metric in type II settings, studied in [47, 48] . In the context of the heterotic string it seems to be closely related to a g s -corrected version of the slope [49, 50] . One can presumably investigate this by considering subleading terms in the expansion of the Bergman kernel (3.31).
We need an extension of this story for Higgs bundles. This does not seem to have been stated in the literature, but the following proposal is closely related to [51, 52] . We will assume that the Higgs bundle (E, Φ) is defined over a Kähler manifold (as in F -theory or IIb, but not in M-theory, IIa or type I') and does not have poles. Further adjustments may have to be made when the Higgs field is meromorphic.
Our proposal is the following modification. We still want to use the metrics above to approximate the Hermitian-Einstein metric, or at least a closely related set of metrics parametrized by the same finite dimensional space, so again we pick a positive line bundle L (with c 1 (L) = J) and consider the space of sections H 0 (S, E ⊗ L m ) in order to get an embedding into Gr(r, N), with r = rank(E) and N = h 0 (S, E ⊗ L m ). But we will have to modify the balance condition in a Φ-dependent way. The idea will be to change the balance condition by terms of order 1/m. Note the balanced metric itself may not even exist, as Higgs bundles which are stable can be highly unstable as ordinary bundles. Then the curvature g ij F ij is modified at order 1/m, so this leads only to an order m d−2 correction to (3.31) which can be absorbed inC. Similarly, the Bergman kernel is modified at order 1/m. Inspecting (3.31), we see that we do not want a metric h for which B h is constant, but instead we want a metric h ′ for which
In fact, for our purposes this only needs to hold up to terms of order m d−2 .
The above observations tell us how to modify the balance condition by terms of order 1/m. We modify the inner product (3.27) in the following way:
where ǫ is of order 1/m, and is itself h-dependent. We need to ensure that (3.38) actually defines a metric, which seems to be fine for large m. This will have to be reexamined when we allow for poles of the Higgs field. Using the new definition of the map F S, we can propose a new T -operator as T = Hilb • F S. Concretely it is given by
where ǫ itself will be defined using h M = (sMs † ) −1 . At a fixed point T (M ∞ ) = M ∞ it is convenient to make a change of basis so that M ∞ = I N ×N . If s is the corresponding embedding, then s is an ortho-normal basis for F S(M ∞ ), and thus can be used to write down the Bergman kernel for F S(M ∞ ). Now s is not an ortho-normal basis for h M∞ = (ss † ) −1 , but we can still consider the projection operator Using the new T -operator, we manufacture a sequence by applying the T -operator, M i+1 = T (M i ). The main gap is that we have not given an argument that a unique fixed point exists and that the sequence converges to it. By analogy with conventional balanced metrics, we may conjecture that a unique fixed point exists if the Higgs bundle is stable. The Φ-balanced metric F S(M ∞ ) then gives an approximation to the hermitian-Einstein metric on the Higgs bundle E ⊗ L m , converging to it in the limit m → ∞. By subtracting the trace, we get an approximation to the hermitian Einstein metric on E itself.
Eventually one should also take into account that the Higgs bundles appearing in Ftheory are meromorphic. One could proceed by excising small open sets around the polar divisor, so that all expression are rendered finite. Alternatively, one could investigate Higgs bundles over surfaces where K S is positive, or work with K(D) valued Higgs fields, which will presumably yield similar qualitative behaviour.
